(139_)
= n'x MUl-(;l'P'c ln’tejra tion

j_?;_;._t Double Mkejratfon over Rec—te/l&u/ar” Rejions

For a fdﬂc%*’on 'f clefl'/lecl on & closed y bounded
Fec%@naular re&fon R in the K:j——,o!ane

J —H/te, Aodb}e_
if\'be_jral ofF -F over K- is 31’\(6/\ bj

. 2 R-E_f.’iajin sum
Jim = ¥
of £ over
the rec{:an&)e
R

l'»)c thrs limie exists . Ia this c’aSe}-F S Fﬂ'freﬁrable. over R .

A closed bounded rect@igular region in the
xy— plane defired by a&x<b and ccys<d.
A : The wred O'F the rec;-f:ana)e R .

p : A partition of the rectdngle R into N=m.n
spbrectangles (cells) ., where m is the nomber o
subintervals along Ehe x—=axis and  n s theé
number along the y-axis.

A, : The =res of the L-+th Subrecéanﬂlf, (cell) in the
k

partitien . (Ak_: AXe DAY, )
Xt 3=J£; RePreSenta'l:f\fe Poin‘ES chosen -from each

/7 Jle

" in +h i tion .

svbrectangle in j % P/z R=Caikd xfEc’d]
ol : %AL//% (xlr.. + Y )
o i1/ S|

A partition of the r‘ecf:anjl¢
R into mn Suvbrectangles
- hishlfa}\"éiﬂj the FepreSen-{;a-l:fve

. BEAS TOBR G o-F the k-th cell.
e ok

i
g |

L

t ‘ i
: {
i ]




Pro[:)e(‘—n‘;ie,& Of Double ‘n+63ra’5

O vaber, f=fky), 9= =90y
ff@ftbaddns s ff fdA +bS(8dA (Vinearit)

@ If f(xwy) 2 3(?(;5) in region R, then
j{f(x,g)olA ,(:(3()(;3)&/3( (dominsnce)

@ For -SL)IOFQ&IMS R{ and RQ_
_[(‘ 'Jc(x‘j) dA = _{( ’F(x’j)cm + 5{?&:5)&1‘\ (Sb‘bc]l\fl&loﬂ

Ve 7 % =
g /R{ R RJURQ__g

Rebton R.

volume b ¥
o 50 V% E{ Z{ P (Xif 15 ) AA
%o‘%ﬁfﬁﬂ) -
Z 5 2=f0ay) \= ff GCK‘EQDCIA
[

F(’wg)?/

~
Ry

5
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| cpr®|-1exg1, "35£9£3" =
. = l i X & au's Jo 3 R0
P f R E(X:D R } < ’ 9 sj;

cslculate
S 1-x* dA -
R

Eime. 1R * B O WE CBA interpret the ;'n'éejra’
as & volume . If == Vi—x2 then x2+22=4 and 220,

so +the double an%ejra\ represerts the volme of

the solid S, vader the (0’0’4) ¥

f\ec‘&&ﬂj !e_ R
ciredac cylinder X4 2%=

on Xy-plane
and sbove the rec{azﬁle R.

The Velume o{ the S

is the pre dvect o]f the area

O-F the S&M.l&lf‘cle. with radivs { and the hé‘-!\j’nf OJC 'f}/[e

c:\ujlm der. Then, o=t (h &)

g«—{ Xt dA =4 -T.(1)°-(6) = 3T .

|[terated lategration

Multiple lf\‘teﬂrals are vsed to caleulate the fotal
valve O—f »func»l:wns Wl‘tl’t More than one variable over a
s?em{ac region . A douvble Ifl-!:ejra! |n4:ejra£es 2 two —
varisble func-tion -F(Kg) over & two —dimensional reglon.

gﬂ"lﬂ)ﬂ“* - f f F(x:g)c\ggelx —-f fff 3)cl>< dy

n
(Fvblmf@nel||> fl(?’ggf’:‘—a\ J [ :ff?-te%gral <
(5/b,c,d€R) ou'ter ;Afﬁral ovter inteyral
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\"F Rzzalb])([c;d] J ‘F(ﬁ!j)

b
-Sr' ngC(x)FCH) ol“pt = afg{(x)dxfdfi(g)dj ;
dydx

Prac{:fca\
?cler\»t{'l:\uj

e s 2 2
ﬁ;- § f (3 -l—g)cljclx o gb(ff)dx.f%g?)dg
© © y C  3+y
(<[ (e8]
- 2-9)- [+ ()]

= 2. (1g+23)=255 =55,

E}) Evalvate {f x35" dA, where R =2(x:3)€mf, 2EXE3,

1<
with e E
3) 3—fﬂfagrab‘on 'firsf e X-*if’l'l:ejra%fon first.

) ST ) an ey ¢ s

gzxsquzquj = Xg-(%s)[{zz X (Esf_%d>

3 (38 4 No %3 31
X,(-‘g —§>—-x--5,—'

i

Then, fn'l:e,&ra%e YR e S R

: ok sl e s )
§iabxtdx= Ry XA - 3 =3 (-2

.~
:.3..L(_§L_i£>:_§_.____..____
9N e 5 4 . Wl
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b> gi(g \quéxzfl‘ﬂﬂ(kEE'OMﬂ Y con.S'n':a/\‘{')

= &4(8{ __6-.):34».%5- .

~ N | {_
Then, h'{:%gra—te w.r.t. R (uu.r. _twith re,sﬁsec—& eo)
5
q 65/ Y 65 [(2)"_ (;)
53%6543_65f\955_4<_5”>, (G-
puiz 65 -—...L = é.i;-—l!—: i_o_;-
3 7('5"" 5> G- 5 4

ZX . Fiad ‘f:he, 'F“ou/fnﬂ }n’ceﬁrals

o fArhesan
a) Y fn'l:ejra tion 'Ff(‘g{'_ .
2) § Sz b) X in-kejra-l:fon ffm—k.
- -
g e e
0
4) gi § XY d A
= '*3
S 5§ Wy
i
6) §4§ 'y3dA
C

W
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s Find ffxs"‘(xﬂ)‘m for

f-'-‘-'-'-..‘

R= ZCXﬂj)e!ft } 0EXET , O¢3<13
Let's 'Firs% \n%e:fra—l:e, w.r.t. X :

5§ X sin (xy) dX dy

in\veS m-befra\
The inaer Iaéejral requices integration by parts.
rt is Much simplier to f“rch :‘n{-%raJce, wet- g
5 XSIA(X3)A3CJX = f [ Xcos (X3):H dXx

i

= -—5 c.o\S()(_\j) ] dx
0 9]
- fjr(c:os X— oS 0)d X

--Ofw(cosx ~ 1) dX
(sm)( - X)l
(x»smx>l

= (’ﬂ-nsm'ﬂ)-ﬂ(o—-si/\o)
it o) =00 )

= M %
W’M

However

—
—_—

()

f

\!
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&

c=h.A2-2  Dovble lategration over

Nozxrecfangular Rej{ons

Let f(xy) be contivovs function on a region D

inside a rec{anjie R . Define

F(xwy) .—:Z foxy) for (xy) in D
0 for (x19) in R, butnot in D.

|f F s integrable over R, the

5 -

%%JR f is integrable over D--
§( flrw)dA = §( Faun)dA .
D R

}vf‘ _f: is continuouvs

Even with bovndary discontinuities
and khe bovnday well loehaved the double in-(:e_jpal

O—f ’F over _D exfs-{-s,‘rhf\s me thod E)PPII‘Q.S to “:J}’)e:]__

and 'I:jloe,'ﬂf regionS.

D =$ (xiy)| Xe[= o), 9€[a00,hx)] and
= O X e ne [ A)] /96l 413
14 .

_» X=A[9)

- e f)(x.) * |
W' o " 35X | > X
3 fixedx © L
Type T region Dy Type T regon Da.
(@Asfolar‘ horjzen &l Srérf‘o>

(coq,sid-gr ver+ical S'EF*(P>



FoC ’EﬂPe,'I:
(¢ flag)dh = §§ FOug)dA
b R
= §b[ de(m:)) 013] dx
h(x)
(aan = 6{0 £y )y dx .

Slmi\arlﬁ; fo_r type IC :

T h(x)

S(f(w)AA ¢ f Foug)dy dX

LD

w heaever fn'f:esrais exist -

v\_/_\-//\_/’w’_\_/m
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fntejra—l:e Wty o

= (X
}(53 120Xy *dy = f 120Xy ]rx_
xg 3 )(‘3

I

4ox.(y3) l(:
qox.[ (x)?* - Caiad

{0 X (th__xe>
10

i

1

=R

-_— 40 XS/?"-" L[OX
Then |

{
(" (ox™" = qox'®)dx = ‘ l
= 40 (x }"olx 4 %
O ’ — 40
§) ofx dx

7 11
::(10 -2-'-""'{_“ = y
(% 14)'40(2’3? >ﬂ401§_
_ 00 :
T



D

EX- Evalvate the dovkle l’n'{:e:jral
g 202
(0 (x*y) dA
D
over a trizpoular rejion’.D‘:g(x;g])élE'l "-xe[p,d},gg[o/li-b(]}

usIng teroted fﬂ%ejmls with :

ey £ ol y 5
a) \5 m{:e.jra 1oN —firs 2

b) X- i‘nte\c)ra-kion f:‘rs-l: : 1 D

| 3-3X | L

3) f ( (X.Q'f_‘jD dy dx o l 1 Y=0)

0O O Ver-&fca\sf-,‘,‘lo y=3-3X

inner fn%ejfa\ T T
3-3% -3 X 3-3X
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3 A Y
3
L") § f (x"y) dx dy
© 0 |
s innes in'{:%ral —— hcg;?;tal
' ¥
0|
*‘“?{ (x+3)clx oo 358
3_\9 X=0 =
Xt *5)\
{(ﬁgﬁ) ‘ (%ﬁ)ﬂ]“ ;
3
(3 3>3_|_ __;L_ﬂ_l—
81
ST G-y Ly2 | d
i T
=D f [ 21 3 ]3 :
0 z, :
e ”_‘!-—(3—'3> +§__?:...__-?__~ 1
= iy (ot e 1@ 5[5 L0k v
= .8
s RS i ¥ G
18 — 12 +1 7
e __9_,..-3 .L = - = —
= 4 4 4



G

Dovlbole ln%e,\c)ra[ as Prea and Volyme

The aread Orf region D can be compyted vusing

\A——-_f 18 i\y&:are.as
D

“This method 1S ©'f-f:en easier~ +han Usin3 sfnj)e. i"/l-ée:jra]é,
Cor B non-—ne\ja-l:i\fe continyous fmc{:}‘on -f(x::j)

oVer region D , the volume of +the solid o—f the surface_

Ezf(x;g)) is determined C:JJ

e
D

EX- ('from the '(:eX{booLu,) :
Find the ?ced of the region D between Y=shX aad

9= cosX  over xe):o,%j using

a)a sinj]L f“t@jfa\ )
b):-a double {n-{:%ra\ -

W
Y Q= " (cosx—sinx)dx e
) g cips [r)r/c, A= da
:(SMX 1-oosx>o
= (SI“ATI[; +Co$%) —(s;’ﬂO-tcp.SO) g
7/,
= (GrBy-(o+1) = 4(cosx_srqx%ra/;<

. (S?n X-l-cosx) [

= {24
{2 -1.



144
EE‘-‘-" De,te,rmfne the VQ{UME, o,f' +he soli d bou/lclgal
dbove b:j 'El/le-Pfaf‘G Yy=2 and below in the Xj-—'f)laﬂe
bj the f‘ejfo/\ cle‘Fi/Iecl as the Pof—{:fon o-F the dislk
]oca'{:ed in —l:lﬂe 'firs{: Cl'Uac)ra/!{*- (r>o)

" ol it
D ";Z(Kry) 5}9_2")(6[0,{\”133] J
Xf—\fr”‘? 3€EO/FJ:§

—3 horf%qn '{:‘al
Stri

Al 'F(Xfﬂ)-:.g - elxdj

)
\
()=
r=3
iM
A
(8]
—
e
r.)
J
—~
;
~
)
{ %]
N
>
dri



or +alun D—,g £ 1R
5 O"U) ! 1] Xé[o,r] ;36{0 \r—rz‘ g
7, ——X’l

5!\

.
| _»y=1r=x? fxy)=y
D et 5 vertical i
— Strip dA:d\jc')( ’
o > X
g \'_')::O
g{f(mgjdﬂ‘ s r _{rx?
> f f Y c:l\\j dXx
.x’—

:5 -| dx
OfE r?—;z s —(%)—ZJ d x

i\
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W hen e\fa[uafl‘nj t he ffl'&ejra] fff(xft,)a;t ) You €an

c hoose +to in—l:eﬁra-be Wirste o or\jbf;f\g{—_ In the fp}lou/i/zj
Jov will chsnge the given ordec of integration .

% Chanae the order o]C mfce,ara-Hon in the [terated
e

3 3?.
§(Y Foay)dx dy
{ & x-:::jq'
e ™
3 yaries . X varies E
ffom 1to3 fmm OAtO 52 horizon £a] .S'f:ff{O
consjder
frem: 3 fixed (horisonisl step) 3
X:'\'ﬁl 5 \5:&_ (For Tﬂf)e_I)
For a fixed X, § will ronge from VX to 3.
(ﬁé’é‘;‘é?frsfifp) The revesrsed order of in-{:sgra{{on
w;” be 9 =
tical
> vertica 5{ £ (iy)cly dx .
X 0 X

e — N . ]
X veories frDMO-f:o‘) YVeries from X to 3

EXx- Cen sider the r‘e\jion D bomded LU P&Faloola
f/&;_-z'_x'?- nd the line Y=X. Determine whether Lo

vSe a _r:jPe_I O _I:j)ae,—ﬂ_— AeSC-I"l.F'terﬂ 1(:0 'Pf/\l'!l éhe

area 01: D.
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Type T
A = f f

T:jpe.lI A = f“jzf

Type T

Here , the converiert

cleMonstra—Eecl in 'f:lﬂoe, & P

A fxsz "y

i f B_.x —x | d% :Gx—%}‘_g;)l
X

A 11.68.

@)

f-x* =X
X+ x—4=0 -

AR(EECD gt

l,z

X4£—2.56 ) XM
- pbasi
da&x
4 {53
dxdy + f f dx dy
Y2, —“T:::l
D'F coMPu%a-l:ion IS cleai‘fﬂ
X2 4"‘)(2
= f 9] 4
X X
X2

LTt et g SRR SREERRSRO TR (O Fet
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. 2 1 é
E__?‘;_- Com\oute g'( 485 cld dX (fra/vl 'f:ex-{:bpa&) @
6 X

The y iﬂ%earatn'oﬂ cannot be done first since
e*ﬁ2 lacks an elemea-karj antiderivative. Instead,
we will reverse the order o-f in-Eejra-l;faA_For any —foecl x
between O and 1, Yy réNges ’ffolvl X o 1.

To change the order of inteyration  observe that
For each fixed y betweea O and 1, x varieS from ©
to Yy

(' MeTaydn = e aay
0 X vl o 0o

{ 29
= £ x.ed | dy
(9]

e f1 (e - ©)e"] 4y
f 3@3 dy ( =y°, "‘JU"Q:J"U)

¥’ [

(e =2%)
e-—4> .

\l
po| =~ ©

N|=~ J\vl-‘-
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(2.3 Double 'ﬂfeﬁrals in Polac Coordinates
A= co$S | fluy) = x"«rduaz , +hen

£ (reass, rsfft@) = e

- e nm—

V:Sf]c Gy YdA= Sff(rcoser,ns MQ;FZTJ\
R D

To #E,fMS—Fp{‘M the l'n-f:egral ff‘f(X!j)o‘A under a c:lnz-m\?e
of variables x=x(vn) ,5:5(0;\/) , We 354:

(( f6ag)dn= S Fon) [Tlow)| dvdv

Xy Xy

. (jacobl'an Ae%ﬂm:’/\a/\%)
Ju -9y

where ‘S#(UN> =

FO( fo[af c@@(‘é?na%es ) = {"Cose-) :jf::.rsrnej

cose —rSin®

xT(I'; 9) =

= Fcoy*@+r sinte
sSinG rcose

=[s-

()

P
h,
= Sff("rj)&‘q = ff-f(r,@) rdrde = i( f(rcoSQJrSa’A@)rclrJG.
R D

% o)


Erhan Güler
Kurşun Kalem


150 )

Ex.  Evslvate ff(ax t4y2)dA | where R represen ts
the region of %:ie vpper —half bounded by the circles
X ty>={ and X4y%2=4 .

R=3 (y)ei”| 970, HexP <4

(¢r €2, 0L £ T,
=D Sf (3x+4Y*)dA = § f (3Fc059+4r sin 9>r’c1rd8

j/ j (3;' c_—_ase'i'ztr' SN 9) drde
9 ‘1
2

(r cose 4 [ 'sin &)! de

)

Y @2)3 cose +(2)sinte) - (U coto A )?sf@};ﬁ
= f (?coss + 15 5:’!\19) do

0]
5 (1[;@59 + 12 (1-cos2e) | de
T

(@
> + E & - i_g sSin 26 }
— (7’31:’\9 5 q )0
_ st
2

et e ) T i T o



ex. Find the volume of the solid bovnded bj :
Lthe ]olalle, 2=0 and the Joafabo/ofc( %:{”X?sz

2=0 =D X €l£9

c;lrc:e \{j&
oér‘él)oéeézr S1/734
(POI‘&( D E(r),@)l G L r € f/ o< e & Q_ﬂrj

rej\o [~ X—-j _4__()(1,31)_4__

\_/'\/\.__)(

A N e

=2 Y= f( (""XQ-UOJA = S- f (1-r2)rdrde
D 0o 0

A
= fmol & /( (r-r3)de
(9] 0

4y 1" Aoid s e A
:271'(.[;—%)1 _—_QYT(Z—.Z)_.QIT..,

= v=21- D=3 CupER®| X y> €4 S
J]c ve had vsed Cartesian aoorclma'ée,s ,instead palar/
._.x'z.
\/*g(""ﬂ )dA = f f{ (1-x*-y?)dydx
S Ton

|+ would no% be eadly to 8Valuaée, , since it involved

»Fm Amj the In -{:e\jrals

j\(—:’(- dX fx \f_:)(_;el)( f(df-x'z) jzol)(



Erhan Güler
Kurşun Kalem


’E’&. Compu—ke, the area of the region R, bounded .i
hj +he cicele rﬁié and +he line E9:%;_

For ‘tﬁ& circle * T ranges f{‘om 0 to 4 ,
+the lne - & ranjcs rfram 0 o 1;_— 4

vﬂ,:f%f‘!’ra’r&e

=0 { =o Tr/
:fﬁﬁ'ﬁlqdesquide
é :
=g "do = 8(6) - 8T = arr.
0

o)
W
=X Comrau-l:e‘, the ares O]C +he rejfo/l R bownded
e bj the circle XL+37'=46 and the line Yy=x,

(Us@ dodlo’e, in{:e.jra] and solve |t !0\!:] Po)af‘ —](};fm.)

_M
21T 2

9,_- Evesluate 5 ( rdrde.
6= r=o

M,NNAJ/M
i {l-—XQ .
Q’.— Evalvate g Df Y c\jclx b\nj replacm\j

to f)ol'ar cool dinates .

Ex. Evalvate f‘ fo C'QS(XQ*':jl) cJJc[X Bd con\ref—éfﬂj

— —{ ....{-r_._x-‘)__

to Po!ar coordinates .
J_\_/M‘K—\—’\_ﬁ
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Ex. Find the volme of the region the+ lies

/ " r
inside z:x2+32 and below the Pisme 2=16.

" trZ
(USe ?olar »fofM) circle ' (o,oﬂyi:%

xq,rﬁ"’:{é : ;
V= (g da -f{'(xagl)cm . 5 /T—i%:“*f
D D i
XP+y* < 16

= §f (l6- x=y2)dA /
D
= 0<e&am , 0€rsq , 2= jg 2
= V= [[[ie-nn] dA
D
¢ = T e(e-rdrae
© 0

4
{ = Ofm (Sr'z-—%f'go) de

N & (2‘” 6L d©
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Eﬁé COMPU-J;Q the area of the r‘%jlb/\ that lies O

inside =3+2sin6 and oviside =2 .

e o snE
=37

342siN6 =2 2
2sihe = 2-3 h 5
- ————— X
P -_-_-_,..__i_, - 2.-“ 1 J2)3 4
Sing = 4 o
- 2T, 4T =7 =-Ir I
WEAET g ek e g
9 £ £ 3t2sine
' :,1% 3+ 281n&
Q=S dh = § " § rdde
D =T/ 2
Y, 2 I+251©
= 5 -
-—TT/6 2
X f?%cg’— +Gsing +2sine) de
2
__1%
cdlf
= f /‘[f:&-y 6sing — cos (2‘3)] de
'—Tr/é ?ﬂr/é
. (‘—19 — Gcos© ""-:L S'“@9>> [
-7
= 148 oty
2 3
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(55
E_)_(__; US{{\\{j the Po[ar‘ coordinetes , GOMPU{:e + e

im?r“or)er iﬁ%e\c)ral £
ff g3 (Xt )Dlxcl\j p
2

IR
and then coMf)u{—e, +the vfb\lowinj fMme)e‘— fﬂw‘:gjr‘al
L 2
LR el
~o0
In Pola(‘ COOFJEAa%ESJM and M

convert 4o

e g{ e—S(x"-;ﬁ):%: j_.’lﬂ'( °°e_3r?" ~drde E poler il rallay
© (®)

o 21 b b
AT
-{ de .fr.e ﬂfn{:eﬁral.s
) )

h

) o 2
ar (e dr

o U:3r2
= o f 6#092")- g Auzérelr‘i

oo : |
— E f e'--Uc[U ffmloroloef lﬂfeﬁra E
5 L ’
A el
S b
b —b {

|
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lrf -53 hag & coentinvovs derivative o the clesed ,
bovnded interval [a,b], the leagth R of fhe graph
D_F &::-Ff}t) ) X&[a{b] 3 1S 31’\[6’\ IDJ

-
i= ; \/1-!—[]&’(;()]2 dx Y

Hna\ogous to +he lenj*{:]n f‘ormu}a {ora sPnjle,—varfable

-FUAGHDA we am 4o axP]oFe 2 Fﬁarmula {D(‘ cl:he, &urfface
o—j: a &iffdm%fahle func{'fm Df +two Variables.

Surface Aea as & Dovble |fl-£—ejral

For & function £ (xy) with eeatisyovs partial
derivatives Tx ond fy in TEYion R , the surface ares

S oveC R i\s{ﬁ@)b_/_,v
s=§£(5ww>12+[@<x,a>ﬂ
Er R =

A8 =/(FR) H(Fy)rd SA S the surface ares

’{,Q:fqﬂ Surfaoe Area

are?

where
cleweat -
| Sboh( . ,[en\(j{;h oNn axis X.

S

& b b
f ds = S E‘F’()‘)]Q +4 dx ¢ are lengkh .
a 2 |

! ggl dA @ ored in X\\j—-—P}ane.
R

_&(0\5: {(@(ngﬂlf[‘f&("'ﬂﬂz"—? dA - SUrfaae are;
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Ex.- Find the 5Ur’F8c.e, area O'F the ,Oa/'-k
i )
of the plane 2X+3ytz2 =12 that lies inthe

Lirst octant -

2=1412-2X-3y
(xw)=(0,0) = == 12
(x,2)=(0,0) = Y= 4
(4,2)= (0,0) = X=6 x

: AY

s = §f (Gt et 44 %;:-iw
; =

F-—)(+4 | > §

§§ @'mw I i

= § f \[_—- cljdx
© o ¥
- ([ ()
k-
4
= Y1y (-—-5_{—}-4?‘-)1
g = T (-*i%lzu.(s)) = 1§ (“'2 +24 ) =127 .
€x. FTid the sorface area of the part of the plare
.—-‘/ ' - )
X+3+%=1 Lhat lies in the rS’lf‘s—{- octant.
Ey. Find the surface are a 0’)C the part O-F Z2=Xy
gy : in the cylirder gvea by XZ%+y*=1.
that lies in the cy Y Y

\/\_/—.‘/M—Mw
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——

0{ the Pﬁfaloafaid Xl-}\\jl-—% =0 +hat lies befa..u

z
the plane ==4¢ - / (0,04)), Plre
)?/(’::.:—_. — ’//'Z:(f

IS8
cx. Find the SUFface, area O-f the Pof-é;‘m

S= 5 (arfre(n™ 1A il i e
D - >
= 1+ (2x)*t(29)?* dA (00,0)
s = ff{! e
&8 = YY\ﬁ-r 4(x2*yr) dA 2y = 2R, TY2 2Y
S A

2 Xx=rcel& c:hanjc to
- | * rdrde = FSine 3
S = y 5- \ 1+4r 1 ? Yy=rsin igo]:;m:‘&ej
17

(0]
2.11‘( \[—TJ- é_gzele gu.—.wlxrz SF:O‘:)U:{ g

Joe Brdr | r=2 su=47
L%_.(u/z)‘ de
g3 1
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= _
Are s O-F Pafan/te,-f:rfc Sur»face, { .

et S be a Sur‘»face ole-FMe,A parama%r.’ca{]d 6\_7
D - )
R(uv) = X () i tylvv)y + 2(uv) e oa the region D

in the vv-plane . 2 CJ
Assume that S is Smoo-Eh, I — @
S Ry &Y

meaning Ry and Ry are centinyous, —y  Ruav
and RyX Ry =+ 0 on D

p o DR, Ry=2&

U oV

X

T he Suf{ace ’Ied Q1S olefl‘/le,al bj
RU'—- <XU}3U)€'U> i

= du dv (.
S g/f ||RUXRV” Raa ng=<X\(/m)%v>

where RUXRV IS name d the 'FU/]cn‘aMeA'[:al crosSs PFOCIUC‘E-

Find the svurface area of the s.jolaer‘e with

radivs vsing dovble l"néejra|s.
Lion Of the sphere with

ex

Pars metric represer ta

radios o RPN = rsiAl cosV
oy = T sielsin v veLom].
z (yv) = rcesy Ve [o0,21T ]

D= w)| V& Eozﬁ]»fe):of?-”]}

2 (o) = XWN)T +9OMF +2(uv)
=y R(\);\!) = L rsinveayy, F SNUSINV , Tcosu >~
Ry = OR _ { reosycosV, rcosusinv, —rsiny >

QU
Ry = %\%‘ _ <~rsinusinv , TS cosv, o >
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(60)

== i 2
L J 12

RU X R\f = FcesycosV rcoesy SinV — SNy
= r_sfnu sV SNy codV 0

:KF codV Sl/l\f) (-r:fnU) (rg,“nUva)j =P
):(rc:osu c:osv> (o) — (—- rsinusiav) (- '_SWU_]J'
T[:@cmumov)(rsmtmow) (—rsmusmv)(rco_gusmv)]k

(rsm Ucos\/);r, —-(r’ sin usmv)a-
4 r (C_O-‘-U sihvcostv + smuCQwSMQ\/> lL

4 4 4
lIRox Ry]| = \lrsm"u.:oqur sinfusinv+ricos’usin®y

r45:n4u (C.os vfsmzv) ¥ r‘qcos U sin?

r4 Sm‘éIU 1—["1(;9-.3 LU sty

2 .
W(sm A cebty ) = el

= g§ |y X Ryl| dA = 5 n—g c2sinv du dv

2 m
S ::I'f o]v 5 Sl'ﬂUc:\U i (271”)_2 - 47(,_2
V)

gyl Fiad r&he Suffac:e area Of {'he Sur—Face.
st =3

R(uyv) = @sfw)z -r(uc:;.w)a_ Figl

Sr velor4] velo,2m].
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{2..6 Tff‘{)'e, lﬂ{‘edrals {6’[

it

For » function defired over o closed bounded
solid reglon D, the triple integral s given by

n
Xg § plge) SV = linZf 0%V

hore dhe-jmek. esisks and Vi =e the volumes of

Subreafons in-D.
ln 4riple f(!'f:eﬁrals ,as in double i'n-te\jrals, the
sub division

properties of linearity, dominonce , and subdivision
e N —

also aﬂa|3 :

lterated lAte ration
”elpfloecl in 3D stotes

cibinils theorem over & P52
that if Flxiyi2) Is continu ovs over a rectangular box

= '{ C)(;:j;%)e”l?’] Xe[albj / 36‘[6’!"'3 ) 2 6—[”1,(1]} 3

Lthen the —Er{‘OIe, rn-bejra} can be expressed as an

,'-l;e,ra-l:eo\ in-E63F8| :
ST

5_(( ’F(X:ﬂ;%) c:l\/ =
B

[

gnf dfﬁ(xm%) dXdyd2/.
m c 2

The :"n'!:e\sr‘a Lion can be
carried ovt in any order
with sdjusitmerts to the

bi}-&lg/ d J A;]Cfgeno{:ia\ elements as required,
N E inc lv Ainﬁ
4 | dXdudz, dXdzdy, dazdxdy

dy dxdz , dydz dx or dadydx .
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Ex. Evalvate _g(f thz% dV , where 162

iy B
B=§0uy2)EIRS | Xe[o,dj yel-1, 4],ze[2,3jj.
dz dydXx = fxﬂaeleéyalx
gfxﬂ = dz dy ofﬂf :

,ff XY (% )\ A\tjcl)(

o -*I
-—ff ,:L((Sf (2)?) dy dX
o
5§ @ C&E\JX

o

74:(1)3 (_,4)3] d X

—
—

P

©

§42x d X
O
X

L

R &

(1

G\\m ) s\\U) mlu]

|

1

Ex Fméggyle 22dy , where

A= E(xla,% -em"-“ xelo/41, yelo,2],2€]0, zjj

\_,//_\—’”/r __—M__—"-——-—_.._——-.._______————-\____
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'rrifble [/Hi%f‘a' Calcvulation
—For > Solid Reofan S?MP'G in

2 —Direction

Let D be & solid f‘e\aion
bounded below 1:\.9 %'-'-U(Xfy)
and above b\»j 2= V(Xry) , Projec:-&mj onto a region A
in the XJ Plane l'f A s either ‘tgfe, T or I, then
+he m-be\rjral of = continvous -func-&:oa -f(x;y,e) over D i< :

.qf fo"ﬂﬂ)c\\/ = fffww)(x;d,e) A%AA

A U(K:g) _
£ A s t:jFaI then Xe[a,bj ﬂéfei(x)/géx)j)
:f A 1S 'kjpe, iL ; thea Xe):hf(':l);hzf‘:f)]z yele,d].
Thak s 2 T {:(X':M%)

f(f {l(xrg,%)cl\/ ff f

a qulx) o
& haly) ~Vxiy)
jg{ ‘F[Xi}jj%)c\\!: 5 '323 Cf )_F dz d X dy (—éjrze ]1'_)
C (%Y

If flxiy,=) = f1(x) £209) £3(=) then
S{{fcx,j,%)av f ﬂtxﬁxm.(m gﬁ. () dz

where B = ECX,ji%)elR_ J XE[a,b],ge[c; cl:]; 2e [m,nj%
e < bt e T A N e N e e Ok e
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Ex. Evalvate gff:j%cl\/ where € is the region @

E
boun ded \o\\j 3(:2&2+ 22%2_5 and the ,O_Jaae X=4

in{@%‘i{ww p bl o
24*1282 & x <1 -
s 8 Par'ff
D will be in the P(])fle ' 5
&%—?)ﬁﬂﬁ-— X =1 < circle _
A . \ﬁa’z—,{_%l:
X
Kfaz—*“’ 7 f{( ‘”w] =
3 142 2%
- 22sts=d |
Then ; J+2 =3 e 2y Haet=L )
= Pester [Izese ] s B
intesection of the
eelo,2n] two surfaces
refo,(3]
2y +2%*

I

ff(Xs%) I
gf[’(iu 122%5)] Y= dA
Sf@ 2(%%2)]5@_&/@

= {f(& 2dv

l

i

! M = 2”5 <6 2r"1)(r'5m@>(-cose>r'érde
T & §2r<,3_r4 ,_.._ré)smecose) de

21T
gfﬂjzd\/ 57" 9 SING cos© d© = 5 .2_5:/;29019 o

v



Volume 5\3 Tri“ﬁ‘le |/H:e\jra|s

m gvolume of a selid in 3D }
D

__@(__.‘.- Find the M of the surj('ace bounde d lgj
the plene x4ytz =1  3and the plenes X=0,4=0,2=0.

c e S St

W= 5i 5

o
- Q
(S

(1

ok CRRED|

_ Y* [@,_x>_.x(1-x)——l,i) —o0|dx
° o

s [y




Qeo
2z Xi
ropction) 1 Cpemte w=fL {0 Py ]
Xy - plane ) M!g"{ 52 =V (xy) \?' fffc\\/
> Y
/ E E= E(X!:jﬂ-)) [XIJ)GD I %eiuf(X'ﬂ)/UZ(X’jﬂ

Xz u(Y12)
'—_)gf @/’) D
\}F= gff dv X=0y(42)
Uz(:j,%) \ ProJechmn !
oento .
i f [ vi(’ tﬂ;;c)(x,ﬁﬁ) S ;{ e plare J

E = ECx:j,%)i (ypeb, X [U!(.'M%)/Uz(ﬂﬁ)jz

- Ul(x’%)

-
D i&:UZ (xﬂ) \}lzgf‘gf(xﬁj/%}iﬂ\
= -

)\5 UZ(X/%>
)< #= S G g o

orto Xz— plane, 1

E= 2(*:5;%} | x2)eD , vE] vik2), V2 (xz%):lj
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o | 167)
-.4—’2.__.:7:_ CJ indrical and S'oheflca, Coordinates

Cylindinical Coordinates 5

C\jl{ncli".ica' coordinates L. (M:jl%)

| ‘ S s g'lﬁ‘/ﬁ)
extend Polar coordnates 2 e

; 31
to 3D by adding & vertical ” EETS

; i

;_’--c_oorclina-I:Q. A point P(Xij[%) /{—E;_ -”{/./
in rectangulsc ceordinates * Fﬁ;gj‘g)}
IS repre,Se.nkecl in c\j]l‘ndrfcal The eylindirical coordinates

coordinates by its Po[ar

coordinates in the X\tj-—f)lane. alone with the same z-valve .

Conversion Fomulas |*
X= oS © = \lxl.fd-:,
Y= rsine y

2=
from rectanglar
to C.dlfn dirfeal

B =T

from c\t_z]l.‘n drica)
+to reectanagular

We ca wiite '{;hz fp”owf/\j Surfaces ‘FfﬂfVL r’ec'k‘.ad\j?u)af
\indrical coordinates -

to Y

c:\'-j’;'/ld ric a |
e_.olua'l:a‘a/\

- —

rectanquls
eIGIUB ¥-Yal
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The ftrf)O'e’ :'ntejra) of a centinvovs ](mc:.—r’:fon @
£(xyz) over 2 selid region D i czjh'nclrfcaJ coordinates
is anen b

6 J V(*’fe)

p
fi(.f(x’jl%) dV -“;f f f -F(rcoS@, rsing, 2 )rdzdrde.
D

h(B)  u(r6)

ha(e)

WM

Bk Find the equation in CJ|:‘nJrica\ coordinateg for
+he 6||f{0-{:fc Parabo[oicl glven b\‘ﬂ %:4X°~+\jz_

X= recost the re(a-(:ionshifas
e rsin© (A chfAdr‘bai coordinate s
2=z

2 =4X*Hy> = 2= 4 (reoso)® +(rsine)?
== Ycosle + risinze
> = ( ri(1-sn?e) r*sih*e
2o Q‘(Z,-SSF/IQG)

0r

-0 e e N 4 (reose)?+ (rsing)?
2= [lrzc:asze'r risinte
5= 4 r*eoste + r2(1-cas®)

z = rz({+3m519>

W/_/w/—\v/ww

e | Find the equa Lion lIa ch.fndrfca! ceordinates for

/-qu surfac.es gver ,05

8) = 3x 4yt z) 22 = - 2x%+ y2
5} B= RTmgR d) == 3x"4y?
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Ex. Evaluate Lhe frf‘p/e fﬂ‘EeJPa{

oy 2 mz g9
S {7 (xy) dadydx.
— -‘mz W}.
=k g("':ﬂf%)] x€[-2,2],y€ |-gx*(4%], 2 € [WJL,QJ}
The Pfoj’ec'[:!'._a/l of E oato Xd—f)fafle, s the cirele
X?'-i-:jl <4
The lower Sur‘faae o]C =

is the cone 'Z=v>(z+\~j’- and the
UPPer 5urface, i3 —(:he r«)\anéf 2=2.

\/--\,__,,..a-"\._-

The expreSsion ]Cof the
re.sn‘pn E In a\jh‘ndr?cal
coordinates is muech s(mrolier' .

g:z (r/6,%) ] ec[o,en], refe,2], ze[r, 2]

2 {422
(x*ry?)dzdydx
-——yz *gf-;t‘ T?%gﬂ

2 2 -2
Lo o 2 Fdedod® -
g ikaaaie [ sy

i YMTAG §2r3(2~i")olf_
- 6

s lbri-2T 1!
16 7T

i




1?5\
Spheﬂ’ cal Coordmnates

Rec‘baﬂ.aular to S,:»lnerfcal

(Xf:j;?:) to (3’;9) ¢)

Sphefical to C\j”/lclr!nf»&l
| (g,&;@) +o (r;e,z)

tang = _:‘j_.
X

¢ = arccod

lea‘ndrical to SPherical
6_191%) to (3:9/?5)

gzrz-f%?'

ey . Write the -f”oujmj

e equations |n spher;c,a[

'FofM

G =0 Y X1+3‘+22?— Gt , a0
¢: arccos ((%2> ey - W

Ee) ScoS?é :[(SStn¢mse) i
aY S:W:) )(2'1-37"‘\'%2-‘—5’ +(3 5"‘-‘}53‘/‘ e) ]
=y gr=et = geos p =8 %sin’

23 ) e en
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lf »F(x;g;?:) Is continvovs {[ﬂrou:jhou»{: the bounded
solid region D, thea

S({ £ (xiy12) dV

'Trf‘o[& ln‘EE\aral in S,alnerfcal Coordinates

am (sangess,ssingind gacf)'sin o dg.

O—SC-O'Olaﬂ determinant
Here , —JS rePFeSeﬂJCS +the Fe%jlon D expre.wecl in Sphemca[

coordinstes, and Jacobian determinant describes
M—- ZSZSfA ¢ P
8(5;9/?5)

Ex . Find the volume of the sphere  uSing .'{:rf;o/e, in-{;eara{

--l"-‘.-——

in SFhm cal coordinateS.

— a (eo[ua-knon of fElae Srlnere Wnﬁ'a raclws a>o>
for r ecfoom) , pelom] .
= ¢= Sff dvy

Ogm; § 7 grsing dgdp de

i\
W ‘Dw
@) —
>
=\
,.\
8
%)
=
%5
1
&
7
w
et
5
0_
)
fl
P
)]
13
@
~
=

Ta3 (voluma of +he :Sphera with radivs a)
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€x. Find the volume of-{:he solid above the
T cone 2= 4y and below the sphere

‘ : ' rdinates .
X"+\v]"-+%l:2 vsing spherical coord

2 Sf{/)ere
1
selid N> K42 = %
X2+311-%1"E =0 E
1, Ut =4 = 1 - ,r:_’;’- : <one
X 'f‘\‘j "'(% 2_) 4 i\\;.\\ ; /,/ 2'—"¢X21‘UI;
c(o el L
10r5) ¢ 5 J
—_— __T[:
X 4
2
etz = g= geasd

N INn SP“M l'c:al coordina tes

= 3 = co$¢ ge-"[tfa{?l'oq D—F {:he 5}3&6’«2?

Sc.oséfJ = \l\g’-sa‘n"-gﬁcmle -f\?zsngS SRS :351‘4}{3
. 0 ti the e
=) 3&0545 ::38!/195 =) @..,_4_ g g equation of {he oaez

e In Sp herical coordinates

e=7(s0/4)| eeloenl, $eTo%], seo, ey ]

o W, ~cosd
= W =50dv =58 T Tpaing dgdgde
e o O O

mw T/, c:o.s¢
::5'39 5 fsmiﬁ(_i_g)(l) c:\fﬁ /
© 0 i T/,
= g {Mugayig - S5 (Lot

36\%@54)] f;bEEo,I; :[ 6 [ o2 ]

e, t conSt. 8:(:0“5'{:-
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N8 Jacobians - C hanae O]C Varisllat 17:5_

...-r""‘"—.——-

With the substitution x=9(v) ,the méejra‘
b d
£ "P6dn becones 5 F(a)-g'(v)du, where
C

3"—'—'3(0-) anol b=3(d).‘l’he. 'Fac:{:or‘ '3’{:_,-) agjast_s f'ar.
£he ch.anje, o-f variable .
ln & double infe ral S Fpouy)dh , chenging
_ = 5
Varisbles Atrensf{sms the integraad and region D
4o s;m[alffg evalvation. This regquvires a Jacobian fgc'\(:o{';
which adg‘—usts der the new

yariables sfmilar to

for the ared Chm\c}e_ U
deciyative i \slejle —~variable fﬂ%@raf.s-

J

D = \(
e~ pne— Eo—onNE )
'-‘//1/ //// 2 d s

inverse T-1
X

mshflo between (xm) and Cu,v) Ky j}'v'e_n

The relati
bﬂ the t-ransformae[:s'oh T *
X :S(U:V) & =h(uv)-(°F x=x(vn), Y=4 (UN)>
e, T le) = (A1 o e uv=plare to ky—plane.
T:* D* et ) érms«ﬁrma-{;faa
AT T(vn) = (xig) § from D¥ 4o D ?

¥
T""l; D —_— D ‘ ( ;?fqersg i
X sy T (X = (Vv AN s fo rma tion
( U) x ( JS) / ) from']cb +o D¥ g
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<2
Let —F be ceatinvovs on r‘eo{on D in +the
Xy- Plade. , ond T & one-to-one trans formastion
maPanj D’F in the UV-——Pfa/le, onto D. The Chanje ojc
variables x=9(,v) , y=hluv) o dyces a Jacobisn

T(uy) , which [s nonzero and deesn’t change sign

on D¥, representing the sres change in the ab_;,‘piu}‘l{;g
ff £luy) dydx = XS-TCESfUzV)/h(UNﬂ“ j(U’V)HAUAV / :
Where oX oX fﬂiée«&efmmm-tg
)—J(UN)‘:: du 2V
oY
2 or
e Bl B
e S(og)| . B 2w X, 04 e
= \:F(U;V)\:x agu:\;) e Bt =i g | el

EX-. Determine the Tacobian for the transforma-ion
From rec;-banjulaf‘ to polar coordinates , where

X=[cos® , Y=rsing -
cos® —rsine

X~ ¥Xp
sin © rcose

Y Yo
(Cose)‘(rwse) - (sine)- (-rsine)
rcos?® +rsin®e

« r(eos®Ot sine)

G(X; }j) J': i é gf'f(mn)d&dx -—-g‘f(f‘m&?orsine) l"'clrcleé

E:l‘(ﬁe)f:i NGO -

—
—

JT(’?G)[ =
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The genera] Tacobian formyla states +hat ~

if a Sene.ra[ 'tr‘ans-f‘aFMaﬂ‘:fm s made with v and Vv

e:.xPre..SSe;c! in terms of x and Y , the Jaecobian determinen

can be c:oMPu-&e.el b\j

e

3(vw) ?__ffi‘-’_). ‘l::i7
{ | {

f
%
e ] e R | l”""'_* RIEICH);
d (x19) 2 (x19) g a(xig) | | 2LON
B(U;V)

B mSSe

JE;:T@% o=x*y* and v= XY - Compute the Jacobian
a(xr:;) i
o(un)
gu - S0,  lug Y |
a'(U;V) L ax 63 =1 )
3 (x19) dv v Vx = Vy
&% WY
= | 2% 29 | L () (0)-(@(29)
Y X
=) (o) | — 9_()(’7-_37-) . Then,
a(xlg)
el TR o T R S
a'(b’l\/) ( 3!(1)/\!) .’2()( ,—32) Q_\N‘z‘__év'z
3(Xxr9) '
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__:_E,Z::- A 'Ermsforma%a'on is Cl@]c:’/le,ci by 176

x=ur—y%* and Y=2uv.
T, S0 e S R

Find the l'maje of the square
s=§(uv)| velod,veleal §

The “trarsfer mation sends the boundary of S 1o
the boundyy of the image . Thea, we start by
finding the Image of the edses of 2.

The &ide of St [§ gen 385 V=0 (050g4>.
From +he vag/\ ea,ua-éz‘ms X’—‘U?‘/J:o and ,‘ie:’lce
0& X< . Thus, the image of §; 18 the lne
&ejmm’c ‘frorv‘- (O‘;OJ to (1,0).

The side o-lf' S, s v=1 ('°$V$4),afl_c:’ bﬁ
putting v=4 in giver equations

y={—v?z =ad Y=2Vv.
Bj e-,h‘mi,qa-h‘nj v, we ‘chl that = Pw‘abo(a e &
et gt (oexen)
Similrly for 83 vel (0€0£4)

e TeIe R ED Y.,
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2>

Por- S5z =0 [fogved),
X:" _'V'z- Y, \'j = 0 v
Nete thali whea we move covnterc loclewise around

the square ,we sles move covaterclockwise sround

the parabelic regien -
Xtd
Ex. Calculate ‘S‘f e *9 dA ) Where R i3 a

—

R
4:r‘aj3ezoidal regien with vertices (1:0), (20 ) (6;~2)
and (O}#{).
(.1)“_ U= Xt+¥4 and j:';i:r\j% (T(U,’U):(}CJU))
=) x:_‘i_(uw) 3 \lj:_L(uvv')', (T"J(X:g)::(u,v)>
[Q_).,. i \_‘/—-&.%—M-—-"‘-f“

Jacobian 0f T.%

L . 3
0 (xy) | _ oL R Qi =-4
3(v) Ju Yv %l 2
i Av
T U =2
/’ﬁ?\‘ T 2 2
e 0
-2 --,{f \‘;j‘:“ 9
\.—_.,&'/ \{:1\ y

T

To Ff/lcf the region S c,orr“éz,si:pndfnﬁ +to R in the UV"‘P!&(}Q

Lthe edyes eof R ¢
Y0 5 Y22y X=0 ) X-y=14 .



178
Note that 4he inﬂaJe lines in the OV—pJane

are on the lines , - from (1) or (2) , we find

by 2 N=2 , U==v -, V=4, |
There fere the region S is the ffaﬁeioicla’ region
with vertices (1/1),(2,2),(2,2),3nd (—1,1).

5-"’*?({))\/) l VE [4)2_]/ U'E.E-v/ \f___[} .

X+Y

u
=y (le=d Jae é—g & %%f;’)_) dUdT_J{
R. AR K/,/_ aESo"-U:e;
AR CORTEA B
gl ey
= fl \/e'-f,_{‘f7 lUﬂV'”W
2. : U=-V

Xty g o
S L S Wt
“flere. 8 8 similar »Formul'a 'Fi?f‘ c:hange, D-F

yaci ables for triple inteqra 15 | ?
T he -brans-f‘orma%{on T is & regien S in UVW‘SP&CQ

—{:ha-l: \onoj‘e.t:'l:s onto & Feafon £ In XJ%'SF‘S‘CE.)VTB

Xf’ﬁ(”ﬂﬂ“) B h(UN;W) y z=lk(vvw) ,
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Jacobian of T s J:\!&ﬂ lo\\j

o (x1ﬂ} 2) £ XU XV Xw
S (uv,w) Yu Yv Iw
Z Y Zy 2w s
Then , for the triple T@ ral J
’ _ Lo VAIVE,
15 F Cogroav s ]
R | \m\“/ 't

e _fg'f f(x(u,\:)w),j(u,v,w),E(U;VJW’D
S

H__,_.-———-—-—__—-—-—"'_H-_-—"-—“—-h"—'—‘-"_'
o -E;r‘nrfe. Fn-’:&gra{w’on iN

&% - Derive the f;.{Mu'}a ’F

-F'-.-.’.'-_ [
s)oher' cal aoprinates .

b 4 :gsfn(;{) cols® P J::- 3 5?ﬂ¢5|“ﬂ6) ?_.'-':—SCO,SQj
sinpeos®© ¢ s:‘n-z?f.sr,q e gcos ¢c:qs &

]aCKL 12) uAvAu}f-
,/&L/{;

= | 2Gi=) J = | singsine  gsing cose Scosd siné
2(5,6,9) cos ¢ o) —gsing
W“/\/VN

—gsi‘nfpsfne 3(:05(;5 coS O
g sing ces© gcosgsin®
PR s g o i
cos}é (_.32 quﬁ cosé sin?@ — 8 lsf“n¢ co_g§5 R ze)
-*gsi‘ngé (3 Si‘n“gﬁ cos? @ +gs 1‘n31¢25 |‘_0"t9-> ;

— g% S;M],ﬁ co_ng;é -agzsmgﬁ 314 ¢ = -—-3 S,“,,¢

\a(w,%)

% o ?5 (we use absolute va{ue>
(8,61 9) '

i

\l
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= §(§ fluy2)dv
R

= (((f(ssingcese, gsingsia 9,3cos¢)fsfn¢d5clea¢
W
E)_(_; C’oM\ou-{—,e S-f @ dA on realan clexf:/racl b\j

R,-:.Si(_'xuﬂ)\ xe o]/ \jétﬁ-ﬂxjj 4

Ex - Evsluate V(fr‘ﬁf ey (>(+”-+%">zcl%cljclx

S

Pt it RS IR g eR

Ex. Find the \rolume,
e
V= Slrrg "% Y 3$1f1¢ c'lj)ci?scle .
O

JM/”_\—/W

E__x’;___ Compute
{2 s
5 " f ek e
‘i—j—x‘ Y2

in 510140’1 cal ccwralma tes.

by vsing the Polar‘ coordinates.

//\/_V/HN\

f}_: Eyaluete T 14sih®
5/ f rdrd© .,
o



